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Abstract
A blade-element momentum method has been developed for a vertical-axis wind turbine, including both dynamic stall
and dynamic inﬂow. A number of “ghost” blades are deﬁned about the rotor azimuth, in addition to the two or three real
blades. The ﬂow is allowed to evolve naturally on each blade (both real and ghost) according to the dynamic stall model.
This provides a continuous record of forces at each point on the rotor, from which dynamic inﬂow can be calculated. A
simple mass-spring-damper model was created representing the surge displacement of a ﬂoating VAWT. Comparisons
against existing methods, which employ an iterative, quasi-steady calculation of induced velocity, show that dynamic
inﬂow makes little diﬀerence to the response of the platform under typical operating conditions.
c© 2012 Published by Elsevier Ltd.
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1. Introduction
A vertical-axis wind turbine (VAWT) installed on a ﬂoating platform will experience ﬂuctuations in the
incoming wind velocity. There are two sources of ﬂuctuations: atmospheric turbulence and motion of the
platform. The frequencies of concern span a large range: typical platform natural frequencies are 0.01 to
0.05 Hz, wave excitation frequencies are 0.05 to 0.2 Hz, while structural frequencies of interest are 0.2 Hz
up to, say, 3 Hz for a large turbine. An aeroelastic analysis of a ﬂoating wind turbine must accurately predict
loads which act within this entire frequency range.
The dynamic processes that govern rotor forces can be divided, conceptually, into the local state of ﬂow
about the blades, and the global state of the vortex wake. In typical blade-element momentum analyses for
horizontal-axis wind turbines (HAWTs), the local state of ﬂow is represented by a dynamic stall model,
while the state of the wake is represented by a dynamic inﬂow model.1 The two are intimately related, since
the vorticity in the wake is created by the local ﬂow about the airfoils.
1For instance, Hansen et al. [1]
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Paraschivoiu [6] provides an overview of the state-of-the-art of aerodynamic analysis methods for VAWTs.
Existing blade-element momentum methods include dynamic stall, but not dynamic inﬂow. Without dy-
namic inﬂow, there are two possibilities: one can take the approach of Malcolm [7], and calculate quasi-
steady induced velocity based upon the instantaneous wind vector; or one can take the approach of Homicz
[8], and calculate the induced velocity upfront, based upon the mean windspeed, and then hold the induced
velocity constant for the remainder of the simulation. The former approach overpredicts the ﬂuctuation of
induced velocity at high frequencies, while the latter underpredicts the ﬂuctuation at low frequencies.
Wake vortex models of varying complexity (Strickland et al. [2], Basuno et al. [3], Ponta and Jacovkis
[4], Scheurich et al. [5]) provide a means to explicitly model the development of the wake, as a function
of local ﬂow about the blades. However, there is still a need for simple “engineering” methods based on
momentum balance, which implicitly account for the same phenomena.
A method has been developed by which many “ghost” blades are deﬁned about the rotor azimuth, in
addition to the two or three real blades.2 The ﬂow is allowed to evolve naturally on each blade (both real
and ghost) according to the dynamic stall model. This provides a continuous record of forces at each point
on the rotor swept surface, from which dynamic inﬂow can be calculated.
The dynamic response of a ﬂoating VAWT in a turbulent wind ﬁeld was simulated, with aerodynamic
loads calculated using constant, quasi-steady, or dynamic induced velocity. Signiﬁcant diﬀerences in in-
duced velocity were observed, but rotor-average loads and platform motion were approximately the same in
all three cases.
2. Blade-Element Momentum for VAWTs
The present version of the blade-element momentum method divides the surface swept by the blades into
discrete elements: latitudinally into Nr rows, and longitudinally (about the rotor azimuth) into Nc columns.
Each element on the downwind side of the rotor (deﬁned according to the spatial-mean wind direction)
is matched with a corresponding element on the upwind side of the rotor. It is assumed that each pair
of elements lies along a common streamtube. Momentum-balance is performed independently for each
streamtube, with the output velocity from the upwind element serving as input velocity for the downwind
element.
A quasi-steady blade-element momentum calculation is iterative. First the local state of ﬂow at each
blade element is calculated using an estimate for the induced velocity:
V = V0 + Vi + Vb, (1)
where V is the local velocity vector at the blade element; V0 is the remote incoming velocity vector, including
turbulence; Vi is the estimated induced velocity vector; and Vb is the vector of relative ﬂow due to blade
motion, including rotor rotation, structural deformation, and platform motion. Then the estimate for induced
velocity is updated by the momentum balance equation:3
Vi =
−Fb(Nb/Nc)
2ρAe f |(V0 + f Vi) · n| . (2)
Here, ρ is the air density; Ae is the area of the element on the (imaginary) surface swept by the blades as they
rotate, having normal vector n; and f is a correction for a ﬁnite number of blades (the Prandtl factor), with
f ≈ 1 for a Darrieus turbine. Fb is the local blade force calculated using V from Equation 1; this is factored
by the number of blades Nb divided by the number of surface elements about the azimuth Nc (twice the
2This can be thought of as a somewhat literal interpretation of the “inﬁnite-blade” actuator disk analysis.
3Equation 2 is typically nondimensionalized in the literature; for instance, Wilson and Lissaman [9]. It is a vector equation, but for
VAWT analysis it is typical, though not necessary, to consider only the component aligned with the mean wind direction. Deﬁne the
X axis as the mean wind direction; then, Equation 2 is valid in the range −0.5 < (Vi)X/(V0)X ≤ 0. (Vi)X/(V0)X > 0 implies that the
rotor accelerates the ﬂow (unlikely for an energy extraction device), while (Vi)X/(V0)X ≤ −0.5 implies that the ﬂow stops or backwinds
downstream, which violates the deﬁnition that no ﬂow crosses the boundary of a streamtube.
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number of streamtubes) in order to account for the fact that a blade passes a location on the swept surface
only Nb times per revolution.
The iteration between Equations 1 and 2 can be numerically unstable. McIntosh et al. [10] discuss
problems with numerical stability, and provide a solution suitable for steady conditions. The solution,
however, is not applicable when the eﬀective airfoil coeﬃcients (including dynamic stall) associated with a
location on the swept surface vary from timestep to timestep, as they do in a turbulent wind, or when the
rotational speed of the turbine changes.
A dynamic-inﬂow model solves the problem of numerical instability, because it relaxes (damps) the
numerical solution – but in a physically-realistic manner. It allows the wake, represented by the induced
velocity at points on the swept surface, to evolve according to a natural timescale. A typical model used
for HAWTs, the TUDk model described by Snel and Schepers [11] (attributed to S. Øye), includes two
time-lags in series:
v′ + τ1
dv′
dt
= vq + 0.6τ1
dvq
dt
; (3)
v + τ2
dv
dt
= v′. (4)
Here vq is the quasi-steady induced velocity: Vi calculated according to Equation 2, using the instantaneous
force at the surface element; v′ is an intermediate variable; and v is the output, time-delayed induced velocity.
The velocity v is used in place of Vi in Equation 1, when calculating blade forces during the next timestep.
It is not entirely straightforward to adapt a HAWT dynamic-inﬂow model to a VAWT. In order to obtain
a smooth, realistic evolution of the induced velocity, Equations 3 and 4 must be updated at each timestep,
for each streamtube. Yet Fb at a given streamtube is available only intermittently, as each blade passes. An
average force calculated over the blade-passing period cannot be used, because this is of the same timescale
as τ1 and τ2. The introduction of “ghost” blades solves this problem.
3. Ghost Blades
The crux of the present VAWT momentum-balance calculation is very simple: the aerodynamic model
of the rotor is deﬁned with Nc blades, where Nc is the number of columns into which the azimuth of the rotor
is divided; that is, twice the number of streamtubes. There are therefore Nb real blades, and Nc −Nb “ghost”
blades, as sketched in Figure 1. In this manner, there is always the equivalent of one blade associated with
each surface element. As the calculation proceeds, the state of ﬂow about each blade, including dynamic
stall, is allowed to evolve freely. The force Fb associated with each surface element, for use in Equation 2,
is taken as an average of the forces at the two adjacent blades, weighted linearly according to the distance
of each blade from the element centroid.
Forces from both the real and ghost blades are used to compute induced velocities. Only the real blades
are considered when calculating shaft power and structural dynamics.
It is emphasized that the blades rotate with the rotor; they are not ﬁxed to a given surface element.
Because of dynamic stall eﬀects, a blade arrives at a given surface element with a state of ﬂow that depends
upon what the blade experienced during previous timesteps. Therefore the forces at a given surface element
cannot be considered independent of the other surface elements.4 Tracking eﬀective airfoil forces at each
surface element would require that the eﬀects of dynamic stall were extrapolated from the previous element,
rather than the previous timestep. In other words, the eﬀective timestep for the dynamic stall analysis would
be a function of the number of elements that were used, rather than the physical timestep. This is undesirable.
Using ghost blades which rotate with the rotor allows the induced velocity at each surface element to
evolve naturally according to the dynamic inﬂow model, while at the same time the aerodynamic forces
are allowed to evolve naturally according to the dynamic stall model. The calculation remains valid in the
presence of turbulence and platform motion, and during changes in the rotational speed.
4Contrast this with a horizontal-axis wind turbine, where it is typically assumed that each annulus is entirely independent of the
others.
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Fig. 1. An illustration of ghost blades for a single row of surface elements about the rotor azimuth; the number of elements has been
reduced for convenience of sketching (Nc = 36 has been used in the analyses in this article)
In the event that structural calculations are being performed, it is suﬃcient to limit aeroelastic analysis
to the real blades, and consider the ghost blades to be perfectly rigid.
4. Timescale of Dynamic Inﬂow
The wake of a VAWT shares much in common with the wake of a HAWT; in both cases, sheets of
vorticity are shed from the blades and convected downstream. Referring to ﬂow visualizations by Scheurich
et al. [5] for VAWTs, and for instance Whale et al. [12], or Vermeer et al. [13], for HAWTs, the sheets
quickly roll up into a sequence of vortex tubes which form a shear layer between the external ﬂow and
the slower-moving interior of the wake. VAWT wake dynamics are more complicated, because the upwind
wake is convected through the interior of the rotor. But to ﬁrst order the timescale of wake development
should be similar for VAWTs and HAWTs of comparable size and under comparable operating conditions.
Therefore, lacking data with which to calibrate an improved model, the time constants from the TUDk
model for HAWTs are adapted to VAWTs. The ﬁrst time constant is:
τ1 =
1.1
1 − 1.3a
(
R
|V0|
)
, (5)
where:
a =
|Vi|
|V0| . (6)
For purposes of VAWT analysis, R is taken to be the outer radius of the rotor. The second time constant is:
τ2 =
[
0.39 − 0.26
( r
R
)2]
τ1. (7)
Since, for a VAWT, r/R is poorly deﬁned in this context, it is simply set equal to 0.7 to represent a “typical”
value. Thus:
τ2 = 0.263τ1. (8)
As an example, consider a case where a Darrieus VAWT is operating at its design windspeed, near the
maximum CP. Let R = 50 m, |V0| = 8 m/s, and a = |Vi|/|V0| = 0.20 on the upwind side of the rotor; then
τ1 = 9.3 s and τ2 = 2.4 s. At a tip-speed ratio of 4.5, the rotational period is about 9 seconds. Thus the
adapted TUDk model predicts that the time-lag on induced velocity is comparable to the rotational period,
for operation near the maximum CP.
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Fig. 2. The transfer function between the input quasi-steady induced velocity and output induced velocity
Fig. 3. A simple model of the surge motion of a ﬂoating VAWT
5. Illustrative Results
Equations 3 and 4 can be solved in closed-form for a sinusoidal input vq. The ratio v/vq is then the
transfer function. For quasi-steady induced velocity, v/vq = 1, and for constant induced velocity, v/vq = 0.
An example of the transfer function for a 100 m diameter VAWT is plotted in Figure 2. The range of
frequencies over which dynamic inﬂow is expected to be signiﬁcant is a function of geometry and operating
conditions. A typical case is operation at maximum CP in winds of 8 m/s; then the induction factor a is
about 0.20 at the equator and midline of the rotor, on the upwind side. In this case, dynamic inﬂow has an
inﬂuence over a frequency range of about 0.01 to 0.4 Hz. This spans the range of important platform and
tower natural frequencies, as well as the wave frequency band.
Based upon Figure 2, it was hypothesized that dynamic inﬂow would inﬂuence the response of a VAWT
mounted on a ﬂoating platform. This was investigated using a simpliﬁed model.
5.1. Model of a Floating VAWT
To simulate a ﬂoating platform, a VAWT rotor was mounted atop a mass-spring system, with a single
degree-of-freedom representing surge displacement. This is sketched in Figure 3. The mass of the entire
structure, including the rotor, was set to 5 × 106 kg. The spring stiﬀness was adjusted to provide the desired
natural frequency.
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The VAWT rotor is generic. The diameter is 130 m, and an approximate blade proﬁle was determined
by scaling up the Sandia 34 m turbine [14]. The NACA 0018 airfoil is used over the entire blade. The rotor
has two blades, and a solidity5 of 0.09.
A very simple generator control scheme was implemented, following the “soft stall” strategy of Muljadi
et al. [15]. This control scheme speciﬁes a relationship between the instantaneous rotational speed and the
generator torque. Below the rated rotational speed, the torque-speed relationship follows a curve which
maximizes the CP, on average. Above the rated speed, the torque increases sharply, such that the maximum
speed is limited. This control scheme was intended for stall-regulated HAWTs; when applied to a VAWT,
it allows the rotational speed to ﬂuctuate over the course of a revolution. The resulting torque pulsations
are somewhat reduced, in comparison with a simple induction generator. No attempt was otherwise made
to damp 2P generator torque oscillations; in any case, only aerodynamic torque is reported in the results of
Section 5.3.
A turbulent windﬁeld was generated by the method of Mann [16]. The mean windspeed was 8 m/s, and
the turbulence intensity was 0.2.
5.2. Simulating Quasi-Steady and Constant Induced Velocity
It was outside the scope of this study to implement an iterative method to compute quasi-steady induced
velocity. Rather, quasi-steady induced velocity was simulated by setting the time constants τ1 and τ2, from
Equations 3 and 4, to a small value; in this case, 0.05 times their nominal value.
Similarly, constant induced velocity was simulated by setting the time constants to a large value, 20
times nominal.
5.3. Load and Response Spectra
The left-hand plot in Figure 4 shows spectra of induced velocity during operation in a turbulent wind
with a mean windspeed of 8 m/s. The induced velocity data were collected on the upwind half of the
swept surface, at a streamtube adjacent to the equator and the midplane of the rotor.6 It is evident that
the frequency response of induced velocity diﬀers markedly between the dynamic-inﬂow, quasi-steady, and
constant calculations, as expected based upon Figure 2. However, the magnitude of the diﬀerence in the
induced velocity is small, and does not translate to a diﬀerence in loads.
The right-hand plot in Figure 4 shows the auto-spectra of rotor thrust and torque, for dynamic, quasi-
steady, and constant induced velocity. The diﬀerences between the spectra are small, especially between
those calculated using dynamic and quasi-steady induced velocity.
Figure 5 shows the spectra of platform surge displacement for three diﬀerent natural frequencies of the
platform: 0.03, 0.06, and 0.20 Hz. A surge frequency of 0.03 Hz is representative of a catenary-moored
spar buoy, while a frequency of 0.20 Hz (above the wave-frequency band) is representative of a taut-moored
barge or deepwater lattice tower. The frequency of 0.06 Hz was chosen to see if the diﬀerences in the thrust
spectra at this frequency (Figure 4) made a diﬀerence in the resonant response.
Using quasi-steady induced velocity, instead of dynamic inﬂow, had little eﬀect on the platform response.
Using constant induced velocity had a larger eﬀect, and is not recommended.
6. Conclusions
A blade-element momentum method was developed for vertical-axis wind turbines. The method explic-
itly models the aerodynamic behavior of a number of “ghost” blades, in addition to the real blades, such that
there is always the equivalent of one blade associated with each column of streamtube elements on the swept
surface. This provides a continuous record of airfoil forces at each streamtube, from which the evolution of
induced velocity can be calculated using a dynamic-inﬂow model.
5Here solidity is deﬁned as NbcH/A, where Nb is the number of blades, c is the chord length, H is the turbine height, and A is the
projected area of the rotor.
6That is, a streamtube that passes near the center of the rotor.
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Fig. 4. At left: the spectrum of induced velocity (the component aligned with the mean wind direction) at the center of the upwind
half of the swept surface, under maximum-CP operation; at right: the spectra of rotor torque and thrust; quasi-steady, constant, and
dynamic induced velocities are compared
Fig. 5. Platform displacement spectra calculated using dynamic, quasi-steady, and constant induced velocity, for three diﬀerent natural
frequencies of the platform
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An investigation of a typical operating case showed that the present method predicts nearly the same
rotor loads and platform motion as an iterative method using quasi-steady induced velocity. It is expected
that this result will also hold for other typical operating conditions, since induced velocity becomes less
signiﬁcant at higher windspeeds.
Therefore, the advantages of the present method are that it eliminates iteration and potential numer-
ical instability in the induced velocity calculation; it has general applicability in “unusual” cases like an
abrupt change in rotational speed; and it can predict the evolution of induced velocity for a VAWT with
aerodynamic control devices, or a straight-bladed VAWT with variable blade pitch.
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